Motivated by work on tilted convection (Sheremet, J. Fluid Mech., vol. 506, 2004, p. 217), a set of experiments is presented here using the same set-up of a tilted tank attached to a rotating centrifuge with a 2.5 m arm. Within the tank small, almost neutrally buoyant, spheres are released, and their trajectories are recorded. Thus the forces acting on a sphere can be analysed in the case of misalignment between the buoyancy force and the axis of rotation.
Introduction
The ball release experiments outlined in this work were motivated by laboratory experiments with tilted convective plumes on a centrifuge carried out by Sheremet (2004) . These plume experiments were conducted to study the effect of the misalignment of gravity and the rotation axis on small convective cells. Such cells are argued to play an important role in the process of deep convection occurring in polar regions, like the Labrador, Greenland and Weddell Seas. In these regions the stratification of the water column is often observed to be very weak, meaning that the underlying deep water is only marginally denser than the overlying surface waters. In the winter months, when wind surface cooling is particularly effective, the surface waters may actually become denser and large patches of water of up to hundreds of kilometres across may be vertically mixed to a depth of 1 to 2 kilometres in periods of only a few weeks. Field observations in the Labrador Sea by Pickart, Torres & Clarke (2002) have suggested that most of the mixing happens in smaller convective cells, with horizontal scales of less than 1 kilometre. It is the effect of both components of rotation on these cells that was studied by Sheremet (2004) . The argument is that some of the convective motion may be aligned along the axis of rotation, rather than along the axis parallel to the action of the gravitational acceleration. This is due to the Taylor-Proudman theorem, which states that in slowly moving steady flow, the fluid velocity will be uniform along any line parallel to the axis of rotation.
In the experiments by Sheremet (2004) , the plumes were produced by injecting slightly dense coloured salty water into a tank of freshwater mounted on a centrifuge, which was rotating at a constant angular velocity, and the formation of tilted Taylor columns ('Taylor ink-walls') was observed. Sheremet also found that for low Reynolds numbers the incoming jet of dyed fluid disintegrates into coherent blobs, which descend neither in the direction of the buoyancy force g e nor in the direction of rotation Ω. Instead, they assume a trajectory at an angle which compares quite well with linear theory developed by Loper (2001) .
It is this blob structure of the plume that sparked the idea of studying the behaviour of small spheres in the same experimental setup. We set out to test experimentally that both the linear viscous theory of Loper (2001) , for the spherical fluid parcels, and the linear inviscid theory of Stewartson (1953) , for solid spheres, give identical results for the trajectories. In the past, there have been a number of publications on experimental determination of forces acting on a sphere moving through a rotating fluid, e.g. Taylor (1921) , Maxworthy (1970) , Moll (1973) , and Mason (1975) . The experiments reported in this paper are special in the following three aspects: (i) The distance of the tank from the axis of rotation of the centrifuge is small compared to its size; therefore, we can assume that the forces acting on a sphere are uniform in space to a first approximation; (ii) A finite misalignment between the axis of rotation and the buoyancy force is produced by utilizing the centrifugal acceleration; (iii) We use almost neutrally buoyant spheres; this allows the drag, lift, and Coriolis forces, which depend linearly on velocity, to be combined in a single matrix form.
The experimental setup will be described in § 2, then the physics of flow around spheres will be briefly reviewed in § 3. In § 4 the force balance on the particle will be outlined, and in § 5 we briefly review the theory developed by Stewartson (1953) . Following in § 6 will be the presentation of the experimental results for the tilted experiments, as well as centre-rotating and non-rotating experiments, which were carried out for comparison. The difficulties encountered in determining the density of the nylon spheres used in the experiment are discussed separately in the Appendix. We will use the density estimates to deduce the drag on the spheres in a rotating environment in § 7, and conclusions will be drawn in § 8.
Experimental setup
A sketch of the apparatus is shown in figure 1 . The experiments were carried out on a centrifuge consisting of a wooden frame extending 2.5 m in both directions away from the centre of the rotating table. A box-shaped Plexiglas tank of inner dimensions 29 × 29 × 50 cm (width × depth × height) was mounted either at one end of the centrifuge at a distance of R = 2.46 m from the centre of the table (for the tilted tank experiments, series N) or in the centre (for the centre-rotating experiments, series R, and non-rotating, series S).
To conduct the tilted tank experiments (series N) weights were placed at the opposite end to keep the centrifuge in balance. The tank was attached with two pivots so that it could be tilted inward through an angle of α = 30
• and the rotation rate was adjusted to Ω = 1.517 s −1 according to (see Sheremet 2004, equation (2.4) ), where g = 9.803 m s −2 is the gravitational acceleration. When the apparatus was spinning with the full angular velocity, the free surface of the water (as indicated by an equipotential parabolic surface shown by a dashed line in figure 1 ) was approximately parallel to the bottom of the tank. The tank was filled with enough water to ensure that the surface of the water was about 20 cm above the bottom when the tank was rotating. A lid was inserted into the tank such that the bottom 20 cm formed a body of fluid that was bounded by solid walls on all sides. On top of the lid a remotely controlled release mechanism for the balls was attached, which allowed them to be dropped through a hole at the centre of the lid. The mechanism consisted of a metal tube containing up to eight nylon balls of 1.270 cm (1/2 in.) diameter, a Plexiglas slide transferring the balls from the tube to the hole in the lid, and a solenoid pulling the slide. The diameter of the hole in the lid was only slightly larger than that of the ball. Therefore, due to increased friction as the ball travelled through the hole, the initial disturbance given to it by the release mechanism was dissipated, and the ball appeared at the exit from the hole with practically negligible velocity. The balls were marked with coloured lines around three geodesics perpendicular to each other in order to observe their possible spinning motion.
The balls (purchased from Small Parts, Inc.) were made of Nylon 6/6, which has approximate density of ρ B = 1.115 g cm −3 . As a working fluid we used aqueous sodium chloride (common salt) solution of slightly lower density, ρ 20 = 1.11456 g cm −3 (which was determined by densitometer with 10 −5 precision at 20
• C) to allow the balls to sink slowly during the experiments. The typical density difference was O(10 −3 g cm −3 ). Due to manufacturing imperfections, the density of each ball was slightly different resulting in different settling velocity. Some prepared balls were floating and were discarded. For presentation purposes we selected four and identified them by letters B5, B1, B2, B6 in order of increasing density as in Riemenschneider (2002) . The temperature of the fluid during the experiments T F was within a 24
• C-26
• C range and within 0.5
• C of the room air temperature. Figure 2 . A photograph showing the progress of a typical experiment N1. Three views are captured simultaneously: front view (top left), side view (top right), and bottom view (lower left). The coordinate axes (x, y, z) and (r, λ, h) are shown by black arrows. Consecutive images are overlapped to reveal the trajectory of ball B1 with numbers to the right indicating time in seconds. In the bottom view, only the last image corresponding to t = 54.25 s is shown to avoid crowding. The three-dimensional coordinates of the ball (x, y, z) were reconstructed from the measured positions in the front and side views and taking into account the depth of the image by using the perspective projection transformation.
to make corrections for the effects of variation of viscosity and thermal expansion (see the Appendix).
Below the wooden arm a digital 1600 × 1200 pixel camera was mounted to record the motion of the balls. Two mirrors were attached to the tank at an angle, one below it to provide a view from the bottom, and one on the right-hand side, providing a view from the side onto the motion in the tank (figure 2). A stop watch with 0.01 s resolution was also attached to the tank, to monitor the spin-up time, to record the time of release of the spheres, and to measure their time of descent. The spin-up time was 30 min, and after a ball had reached the bottom, we waited approximately 2 to 3 min before releasing the next ball in order to allow transient motions to subside.
To record and analyse the motion of spheres two right Cartesian coordinate systems (as in Sheremet 2004) rotating with the centrifuge are introduced. The system r, λ, h is associated with the centrifuge, where r is the radius from the centre of the turntable, λ is the azimuthal angle measured in the direction of rotation, and h, measured vertically, is the height above the laboratory floor. This system is convenient to analyse the forces acting on a moving sphere because h is aligned with the axis of rotation Ω. The system (x, y, z) aligned with the tilted tank is convenient for measuring the position of a sphere inside the tank. The axes (y, z) are in the same plane as (r, h) but rotated inward through the angle α; x points in the opposite direction compared with λ. Both coordinate systems are shown in figure 1 . By measuring the position of a ball in the front and side views and taking into account the depth of the image by using the perspective projection transformation, the three-dimensional coordinates of the ball (x, y, z) relative to the tank are reconstructed. The velocity components in the system (r, λ, h) using the rotation transformation
are then obtained. For experiments with the motion of the sphere along the axis of rotation (series R) and with no rotation (series S), the tank was mounted at the centre of the rotating table and a similar experimental procedure was followed using the same nylon balls and salty water, which was saved and then used to refill the tank after it had been moved. All experimental parameters are summarized in tables 1 and 2. Proudman (1916) discovered analytically that in a geostrophically balanced flow, for sufficiently low Rossby numbers, the velocity field gradient along the axis of rotation is zero:
Taylor column formation and wall effects
(Ω · ∇)u = 0. (3.1) This result was experimentally confirmed by Taylor (1917) and is referred to as the Taylor-Proudman theorem. The laboratory experiments showed the formation of a Taylor column: fluid in the column aligned with the rotation axis moves with the body as a whole. If the boundaries of the tank are at a large distance from the sphere or at infinity in a theoretical consideration, the Taylor column will be gradually 'eroded' by viscous and inertial effects far away from the sphere. In this case a truncated Taylor column or a 'Taylor slug' (Maxworthy 1970 ) is observed. Affected by inertia, viscosity, direction of the motion, and interaction with the walls, the picture of the Taylor column formation is complicated. The only sure way of knowing would be to visualize the flow around the sphere with dye; this was not attempted in the experiments presented here. It is, however, important to have some idea of whether one might expect a Taylor column or slug, as the interaction of either of these will have effects on the way the spheres move within the tank. ρ 25 ρ referenced to 25
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Centrifuge: 3.1. Motion along the axis of rotation For coaxial motion of the particle with speed V || , Taylor (1922) observed that the Rossby number Ro = V /2Ωa, where a is the radius of the sphere, must be less than a critical value 1/2π for there to be a columnar structure accompanying the sphere. Other experiments have suggested critical values as high as 0.35 (Pritchard 1969) for substantial Taylor column formation. In our tilted experiments the Rossby number was typically between about 0.07 and 0.3 for motion parallel to the axis of rotation. These numbers suggest that there may or may not be a column depending on which criterion you believe. For motion at negligibly small Rossby numbers, the vertical extent of the Taylor column is determined by the fluid viscosity. The theory (Moore & Saffman 1969) predicts that a truncated Taylor column, or 'Taylor slug', will extend a characteristic distance aT up-and downstream of a sphere of radius a, where T = Ωa 2 /ν is the Taylor number. Maxworthy (1970) , however, found experimentally that the column is typically an order of magnitude smaller than that which was also reported for the axial motion of drops by Bush, Stone & Bloxham (1995) . Similarly, the numerical results of for a sphere translating at Ro || = 0 indicate a blocked region of length 0.116aT. Based on these findings, a Taylor slug extending approximately 3 cm fore and aft of the sphere may be expected.
Motion perpendicular to the axis of rotation
For transverse motion the criteria are less well understood. Here the sphere simply translates through the fluid, perpendicular to the axis of rotation, taking with it a cylindrical body of fluid, extending above and below. External fluid will stream past this body of fluid as though it were a solid body. This is unlike the coaxial motion, where the sphere is actually trying to move up and down in the fluid, and thus to defy the Taylor-Proudman theorem. The Hide criterion for Taylor column formation states that such a column may only form if h/D > Ro ⊥ , where h is the vertical length of the particle (its diameter in the case of a sphere) and D the depth of the fluid layer; Ro ⊥ is defined to be V ⊥ /2aΩ in the case of a sphere. In our setup h/D = 0.0635 where typically Ro ⊥ = 0.071, so again the experiments presented here are on the borderline. Experiments by Hide & Ibbetson (1966) , however, have shown that the Taylor columns only form for transverse motion when h/D > 0.5Ro ⊥ in which case our numbers would predict no column. Furthermore, Hide, Ibbetson & Lighthill (1968) observed that the Taylor column trails in the downstream direction at a small angle ψ = arctan(KRo ⊥ ) proportional to Rossby number, with the coefficient K = (1.54 ± 0.04) for a sphere. This result was explained based on the direction of group speed of the inertial (gyroscopic) waves.
Wall effects
The centre-rotation experiments show some evidence of wall effects on the velocity of descent of the sphere. In all the plots of the vertical position versus time, it can be seen that the sphere first accelerates slightly after it exits the hole in the upper lid and then slows down as it approaches the bottom. This can be explained by a Taylor slug interacting with the lid as the ball is released and gradually losing its efficiency in slowing the ball down as it moves away from the wall. As the slug starts interacting with the bottom boundary it again slows the vertical motion of the sphere. An analysis of the increasing drag, when the Taylor column interacts with top or bottom boundaries, can be found in Moore & Saffman (1968) , Maxworthy (1968) , Hocking, Moore & Walton (1979) , and .
For the experiments presented here it will be assumed that a small Taylor slug forms around the spheres, but not a full Taylor column. This assumption is supported by the fact that Stewartson's theory, to which the results are compared, was developed for the unbounded case, and it agrees reasonably well with our experimental results, as will be shown.
Forces on a spherical particle moving in a rotating fluid
For a particle of mass m moving at the speed V relative to a reference frame rotating at the angular velocity Ω Newton's law is
The relative acceleration term on the left-hand side is balanced on the right-hand side (in order) by the Coriolis force F C , acting to the right of the moving particle if viewed from the end of the Ω vector, the pressure and viscous stress forces F S applied at the surface of the particle, the gravitational force and the centrifugal force proportional to the distance r from the axis of rotation and directed radially; r is perpendicular to the axis of rotation.
To find F S the Navier-Stokes equations governing the flow around the particle are considered:
and the continuity equation
where u is the fluid velocity vector, p is pressure, d/dt is the substantial time derivative, and ρ is the density and ν the viscosity of water. At the surface of the particle the fluid velocity is equal to that of the particle: (4.4) and at the walls of the tank rotating with the reference frame u vanishes. Here ω B represents possible angular velocity of the ball and n is the outer normal to its surface. Moore & Saffman (1969) showed that the effect of the free rotation on the drag can be of the order of Rossby number. The gravitational and centrifugal forces can be combined and the 'effective' free-fall acceleration is introduced: g e = g + Ω 2 r, (4.5) which depends on the distance from the axis of rotation r (see Fletcher 1972 for a discussion and experimental validation of the apparent field of gravity in a rotating fluid system). Since the size of our experimental tank is much smaller than the distance from the axis of rotation, r is replaced in (4.5) by a constant value R = 2.46 m representing the distance from the axis of rotation to the centre of mass of the fluid in the tank.
The pressure can be divided into the dynamic (p d ) and hydrostatic components
where the reference constant h 0 represents the height the free surface of fluid at the centre of rotation. The hydrostatic pressure integrated over the surface of the particle results in the Archimedes force, which, combined with the gravitational and centrifugal forces, produces the buoyancy force
Here m 0 is the mass of fluid displaced by the particle, ρ is the density difference between the material of the particle and fluid, and a is the radius of a spherical particle, a R. The dynamic pressure and viscous stress integrated over the surface of the particle result in the hydrodynamic force which is determined by the flow of fluid around a moving particle:
where n is the outer normal to the surface element dS and τ is the viscous stress tensor. The hydrodynamic force, in turn, can be decomposed into the drag F D pointing in the opposite direction to the particle velocity and lift F L perpendicular to the velocity, F H = F D + F L . Thus, if a particle moves at a uniform speed (which was approximately true for the portion of trajectory away from the boundaries), the buoyancy, Coriolis, lift, and drag forces will be in balance:
Figures 3(a) and 3(b) illustrate the force balance in the plane perpendicular to the axis of rotation Ω and along the axis of rotation respectively. In a rapidly rotating fluid it is very challenging to calculate the hydrodynamic force F H because of radiation of inertial waves and development of a Taylor column around the particle. Two non-dimensional parameters play an important role here: the Rossby number Ro = V /2Ωa is the ratio of nonlinear and Coriolis accelerations; the Taylor number T = Ωa 2 /ν is the square of the particle dimension a over the Ekman thickness h E = √ ν/Ω. Also, the ratio O(aT/H ), where H is the height of the container, characterizes the interaction of the Taylor column with the walls if the fluid is bounded. Often, it is more convenient to use the Reynolds number Re = 2V a/ν = 4RoT. A comprehensive survey of particle motion in rotating fluids can be found in Bush, Stone & Tanzosh (1994) . Our primary interest stems from the geophysical applications and, hence, lies in the regime with Ro 1 and T 1. In the tilted tank experiments T equalled approximately 48 and Ro (based on the component V h ) ranged from 0.07 to 0.31.
Stewartson's theory
Most existing theoretical calculations of hydrodynamic forces for particles moving through rotating fluids neglect the inertial terms for Ro 1 and are, therefore, linear. Special note is given to the work of Stewartson (1953) who, using a Laplace transform, solved a linear inviscid problem of an ellipsoid (with a sphere being a special case) impulsively started from rest in an infinite rotating fluid. He calculated the pressure distribution on the surface after a long time had passed and found the drag and lift on a uniformly moving ellipsoid due to the generation of inertial waves and development of a Taylor column. Stewartson (1953) found that in motion along the axis of rotation with velocity V h , a sphere experiences a drag
(5.1) Physically this means that the generated inertial waves interfere to produce the developing Taylor column in front of and behind the moving sphere. In front of the sphere, where fluid tends to diverge, an anticyclonic swirling motion develops with typical velocities (Ωa) and correspondingly positive pressure anomaly. Behind the sphere the swirling motion is cyclonic and the pressure anomaly is negative. This produces the drag on the sphere. The extent of the developing Taylor column grows linearly with time: the work done by the drag force in Stewartson's theory (or the potential energy released as the sphere descends in a gravity field) goes into ever growing kinetic energy of the swirling motion. When moving perpendicular to the axis of rotation with, for example, velocity V r a sphere experiences both drag
and lift
acting to the left if viewed from the end of Ω. These were also determined by Stewartson (1953) and here the non-tilted system of coordinates (r, λ, h) was used to indicate directions. For small density difference between the particle and fluid, ρ ρ, the Coriolis force 
Here it is appropriate to note that the fluid flow compensating displacement of the sphere also experiences a Coriolis force, which, in turn, results in pressure anomalies causing the lift force. In order to obtain the velocity of a sphere resulting from the applied buoyancy force F B (4.7), this matrix is inverted to obtain ⎛ ⎜ ⎝
In our case the 'effective' gravitational acceleration vector projected onto (r, λ, h) has components (g er , g eλ , g eh ) = (Ω 2 R, 0, −g) = (g tan α, 0, −g). Multiplication by the matrix (5.6) gives the velocity vector:
As a sphere sinks, V h < 0, it drifts away from the centre, V r > 0, and also moves azimuthally, lagging the rotation of the centrifuge, V λ < 0. It is convenient to introduce the angles between the trajectory and the coordinate axes: (5.10) Thus, in the linear approximation the trajectory is independent of the particle's density anomaly. For α = 30
• , −θ rh = 16.10
• and θ λh = 20.18
• . Furthermore, in the plane perpendicular to the axis of rotation, the particle (for ρ/ρ 1) moves at the fixed (independent of α) angle 90
• − 38.1460 • = 51.8540
• clockwise from the direction of the centrifugal acceleration ( figure 3a) .
It is interesting to note that the prediction for the trajectory of a solid sphere according to Stewartson's inviscid theory is identical to that according to the viscous theory of Loper (2001) for a spherical fluid parcel with the Gaussian distribution of density anomaly. Specifically, the force-velocity matrix relations (5.6) and Loper's equation (8.9) are same. If the total mass anomaly is assumed to be the same in both cases, the solid particle will move 2 √ 2 times faster. Such a surprising agreement between the two different theories can be interpreted in the following way. Essentially, the hydrodynamic reaction of the fluid on a moving particle or a parcel is determined by the (approximately linear) flow around a truncated Taylor column, which is common to both Stewartson's and Loper's work. However, the establishment of the Taylor column is limited by the time-dependent effects in the case of Stewartson and by weak viscous effects in the case of Loper. Note also that Sheremet (2004) analysed trajectories of fluid blobs in a similar experimental setup and found good agreement with Stewartson's prediction if the deformation of a blob is taken into account and the blob is modeled as an ellipsoid.
Experimental results
Several series of experiments were conducted (table 1). The tilted tank configuration series (N1, N2, and N3) allowed the three-dimensional trajectories of falling balls to be analysed and information about the relative magnitudes and directions of drag and lift forces to be inferred. In the centre-rotation experiments (R1, R2, R3, and R4) the same angular velocity as the N-series was used, while in R5, R6, and R7 the angular velocity was reduced by the factor of cos(30 • ) = 0.8660 corresponding to the projection of Ω on the tilted axis z in the N series. This allowed the role of variation of the angular velocity and the tilt angle on the magnitude of the velocities to be assessed. Finally, the non-rotating experiments (S1, S2, S3, and S4) were used to estimate the density of the balls from their terminal velocities. The intention was to repeat each experiment three times in order to check the reliability of measurements. However, occasionally outliers occurred primarily due to appearance of tiny air bubbles on the surface of the balls; therefore, some experiments were repeated four times.
Tilted tank experiments
The progress of a typical tilted tank experiment N1 is shown in figure 2. Three views are captured simultaneously: front view (top left), side view (top right), and bottom view (lower left) using two mirrors. The coordinate axes (x, y, z) and (r, λ, h) are shown by black arrows. Consecutive images are overlapped to reveal the trajectory of the ball B1 with numbers to the right indicating time in seconds. In the bottom view, only the last image corresponding to t = 54.25 s is shown to avoid crowding. The three-dimensional coordinates of the ball (x, y, z) were reconstructed from the measured positions in the front and side views by taking into account the depth of the image using the perspective projection transformation. Then using (2.2) the positions and velocities relative to (r, λ, h) were reconstructed for further analysis.
The reconstructed trajectories of all four balls in experiments N1 and N2 are shown in figure 4 . It is seen that the trajectories of individual balls are reproduced well from one experiment to another. The prediction of (5.7) is shown by a solid line and is in good quantitative agreement. Note that the scatter of trajectories is larger for the radial displacement than for the azimuthal. The descent velocity of a ball was fairly constant except near the top and bottom (within approximately 3 cm) due to the interaction between the wall and the Taylor slug. Plotting a coordinate as a function of time and then fitting a straight line for the middle part of the tank (5 cm < z < 15 cm) gives a set of interior velocities for each ball and experiment that are listed in table 3. Also listed are the Rossby and Reynolds numbers for the motion in the axial and perpendicular directions. Due to natural scatter in the density of each ball, which will be discussed later, the Rossby number based on the axial velocity Ro || = −V h /(2Ωa) ranged from 0.07 to 0.3. In figure 5 the angles of propagation based on the interior velocities as a function of Ro || are plotted. The experimental data are in good quantitative agreement with Stewartson's prediction (5.8), (5.9), (5.10) shown by straight lines. The most sensitive to variation in the Rossby number is the angle −θ rλ , which describes the motion in a plane perpendicular to the axis of rotation; it shows some decrease from 45
• to 35
• as Ro || increases. The agreement is best for Ro || 0.2 and not for infinitesimal Ro || .
Finally, in figure 2 one can notice a slow anticyclonic (opposite to the centrifuge) spinning of the ball by observing the change in orientation of coloured markers on its surface as the ball descends. One full rotation is accomplished in approximately 40 s, from position at 8.93 s to 50.16 s. The spinning rate ω B is found to increase with the Rossby number Ro || . The ratio ω B /Ω is listed in the last column of table 3. These are values averaged for motion through the interior of tank. Not enough images were available to quantify any changes in the spinning rate near the boundaries.
The spinning of a sphere moving along the axis of a rotating fluid was noted by Taylor (1922) . He observed (viewed from the non-rotating laboratory reference frame) that, if the motionless ball, held by a silk thread, and fluid were first both rotating as a solid body with the glass cylinder and then the ball was allowed to move, the ball stopped rotating as soon as it started moving along the axis. Physically, this can be explained by the conservation of absolute angular momentum: the fluid that starts to flow around the surface of the ball diverges from its pole and thus preserves zero azimuthal velocity. The zero absolute angular momentum is transferred to the ball, which stops rotating. In the reference frame rotating with the tank, the ball acquires anticyclonic spin ω B = −Ω. Taylor found that this effect becomes pronounced when Ro || > 1/(2π). For smaller Ro || the Taylor column forms fore and aft with accompanying fluid circulating in the opposite sense on both sides; therefore, this effect is weakened. In the linear case, in particular when the Taylor column starts to interact equally with both the solid top and bottom lids of the container, the moving ball should not be spinning relative to the fluid (Moore & Saffman 1968) .
Centre-rotation experiments
The drag on a sphere in a rotating fluid generally increases with increasing rotation rate resulting in a smaller descent velocity. In a certain range of Reynolds numbers and for small rotation rates, the rotation can stabilize the time-dependent flow and, on the contrary, reduce the drag (Maxworthy 1970) . In order to estimate the effects of tilting on the speed of descent, a set of experiments was carried out with the same tank as in the tilted case, but placed at the centre of the rotating table. In the first set of experiments (R1, R2, R3 and R4) the rotation rate was kept the same as in the tilted experiments (Ω = 1.517 s −1 ). However, in a second run of experiments (R5, R6 and R7) the rate of rotation was lowered slightly so that it would correspond to the 'vertical' component (the axis z in figure 2 i.e., along which effective gravity acts) of the rotation in the tilted case (Ω = 1.517 cos(30
• ) = 1.314 s −1 ). The mean descent velocities in the interior of the tank (5 cm < z < 15 cm) for each ball are listed in tables 4(a) and 4(b).
The data show that the descent velocity in the slower rotating experiments (R5, R6 and R7) is consistently larger than that in the faster rotating experiments R1-R4. This illustrates that the Taylor-Proudman theorem becomes more effective as rotation increases in our case. The larger variability in experiments R1-R4 is due to temperature fluctuations between the experiments. Table 4 . The velocity of descent (cm s −1 ) for each ball in (a) experiments R1, R2, R3, and R4 at a rotation rate of Ω = 1.517 s −1 , (b) R5, R6, and R7 at a rotation rate of Ω = 1.314 s −1 , and (c) the non-rotating experiments S1, S2, S3, and S4. The datum for B6-S1 is missing.
Drag in rotating fluid
It has already been seen that in the tilted tank experiments Stewartson's theory predicts the angles of propagation of the balls very well, which, of course, should be independent of ρ according to (5.8), (5.9), and (5.10). In order to see how well the theory predicts the magnitude of the velocity, a magnitude coefficient is introduced, defined as the ratio of the observed drag to that of Stewartson:
where V h is the vertical velocity component along the axis of rotation. The value of A might weakly depend on Rossby and Taylor numbers for Ro 1 and T 1. The density anomaly ρ estimates were obtained using the terminal descent velocity method which can be found in the Appendix. The descent velocity is shown in figure 6 . If Stewartson's prediction for the magnitude of the drag for given axial velocity is correct, then A should be unity. The magnitude coefficient can be expressed in terms of the standard drag coefficient and Rossby number: A = (3π/16)C D Ro. Correcting the estimates of ρ 25 from the non-rotating S experiments for the temperatures observed during the rotating experiments N and R, A was calculated and is shown in figure 7(a) . It is seen that the magnitude coefficient is scattered between 1 and 1.6, excepting the outliers. This means that the balls experience larger drag than predicted by the Stewartson's theory and sink somewhat slower.
It is interesting to make a comparison with laboratory experiments of Maxworthy (1970, figure 6 ). He measured the drag on a sphere moving along the axis of rotation in the range 23.3 6 T 6 147, 0.01 6 Ro 6 1.27 (in his notation N = Ro −1 ). He found that in the limit Ro 1 and T 1 the drag coefficient asymptotes to C DM = 2.60/Ro. Expressed in terms of the drag coefficient, the Stewartson's result (5.1) gives C DS = (16/3π)/Ro, which is also smaller by the factor of 1.53. The reason for this discrepancy is unclear. By interpolating Maxworthy's results for A as a function of log(T), log(Ro) for the values of T, Ro corresponding to our rotating experiments, these values are plotted in the same figure 7(a) by slightly shifting them to the right. One can see that there is a good agreement between our values of A and those of Maxworthy's A M : the agreement is best for slower balls; for the fastest ball B6 the discrepancy is about 10 %. The horizontal dashed line indicates the limiting value of 1.53. The slower ball B5 apparently tends to this limit while the faster ball B6 gives a value closer to unity. In other words, the linear theory of Stewartson gives the most accurate prediction for the magnitude of the drag for small Rossby numbers: for the ball B6 in R1-R7 Ro || 0.3-0.4.
In figure 7 (b) the ratio of our A to that of Maxworthy, A M , is plotted. For the centre-rotation experiments, R1-R7, the agreement is particularly good: A/A M is near 1.0 for slow balls and is slightly higher 1.1 for faster balls. For the tilted tank series N the ratio A/A M is about 20 % smaller. Maxworthy (1968) noted that the runs where a sphere wandered off the axis of rotation produced drag coefficients somewhat below the general trend of the 'well-behaved' case. In our N-series the off-axis motion is caused by the centrifugal force which may explain the slight reduction of A/A M . Perhaps this is related to a partial disruption and tilting of the Taylor column as observed by Hide et al. (1968) , a subject deserving further study.
Conclusions
A set of experiments tracing the paths of small spheres in a tilted rotating tank has shown that the angles predicted by Stewartson's theory agree reasonably well with the observations. For the tilt angle α = 30
• , the spheres descend at an angle of 16.10
• in the radial direction, while azimuthally they lag behind the rotation at an angle close to the 20.18
• predicted by the theory. The angles of descent of the spheres are independent of the density difference between the spheres and the ambient fluid. For the motion perpendicular to the axis of rotation, the angle −θ rλ is more sensitive to variation in the Rossby number and it shows some decrease from 45
• as Ro || increases compared to the predicted 38.15
• . The agreement is best for Ro || 0.2, and not for infinitesimal Ro || .
The magnitude of the velocity is linked to the density difference through the force balance acting on the spheres. A magnitude coefficient A has been introduced to compare the observed velocities with those of Stewartson's theory and observations recorded by Maxworthy. It was found that A lies between 1 and 1.6, indicating that the descent velocity predicted by Stewartson's theory is up to 60 % larger than the observed velocities, implying that the actual drag on the spheres is larger than expected from theory. Again the prediction is most accurate for small Rossby numbers.
The reason for the discrepancy is unclear. Perhaps it is related to the failure of the linear theory to take into account that some of the fluid is trapped within the Taylor slug and travels with the sphere and also that the Taylor slug is tilted when the sphere moves perpendicular to the axis of rotation. Perhaps the 'effective body' travelling through rotating fluid and generating the inertial (gyroscopic) waves (which cause the increased drag) is different from a sphere. To answer this question direct measurements of the radiated inertial waves would be required. 
Appendix. Estimation of densities of the spheres
In order to achieve a small descent velocity and thus a small Rossby number flow for the chosen value of the angular velocity, the density difference ρ between the ball and water should be very small O(10 −3 ). It is impossible to calculate the density of each ball with such accuracy directly by weighing it and measuring its volume. Instead, an indirect method is used, based on measuring the terminal descent velocity in non-rotating fluid for which case much experimental data are available. When a sphere descends in a fluid at constant speed V , the Archimedes force (proportional to ρ) acting on it is balanced by the hydrodynamic drag: The first term in the sum (A 2) represents the Stokes law with the drag proportional to V in the linear viscous case Re 1. The second term describes the increase of the drag due to inertial reaction of the oncoming flow with subquadratic dependence on V . Observed descent velocities V h for all N, R, and S experiments are shown in figure 6; they are arranged by experiment, with different balls indicated by different markers. Note that in the tilted tank experiments N the vertical component of velocity V h is determined by the same balance as in the R-series (5.7). It is clearly seen that the rotation substantially slows down the descent velocity. In the figure the rotation rate reduces from left to right. Several apparent outliers with anomalously slow descent velocity (specifically, N3-B1, R1-B2, S1-B6, S3-B1) were caused by air bubbles trapped at the surface of a nylon ball during its entry into the fluid. Visual inspection at the end of the experiment did confirm the presence of the air bubbles in these cases. When it was tried keeping the balls constantly under water during the spin-up as a potential remedy, another difficulty occurred: air bubbles started to appear at the surface of nylon due to adsorption (the effect of condensation of gases on the surfaces of solids); it was decided to abandon this route.
The variation of temperature in the laboratory in the range from 24
• C to 26
• C caused small but noticeable effects on the density estimation as a result of the dependence of the viscosity of the fluid on temperature and the differential thermal expansion of nylon with respect to the fluid. The viscosity correction due to temperature variation was calculated using the formula
where the values of kinematic viscosity ν 25 and the thermal coefficient of kinematic viscosity at 25
• C for 15.79 % NaCl aqueous solution were interpolated based on the data taken from Lide (2002) ; they are listed in table 2. The values of ν 25 in the laboratory were also checked by the Cannon Fenske Routine. The variation of 1 • C from one experiment to another during the S series contributed about 2 % variation of ν, which, in turn, affected C D (Re) in (A 1) and hence the estimate of ρ.
After calculating ρ based on (A 1) for the temperature recorded during each experiment (table 1), the density anomaly was then reduced to the standard temperature of 25
• C according to
where the value of the coefficient of thermal expansion α F for 15.79 % NaCl solution was again interpolated based on the data from Lide (2002) . The coefficient of cubical thermal expansion of Nylon α N has the largest uncertainty. The manufacturer reported only the linear expansion coefficient at 20
• C, from which α N = 265 × 10 −6 • C −1 was estimated as three times the linear one, though it is understood that the nylon is an anisotropic material. This value, however, was confirmed by our observation that when the temperature in our laboratory later dropped to 19.4
• C, the ball B1 became neutrally buoyant. During the spin-up, which normally lasted about 30 minutes, the balls were in thermal contact and had supposedly reached the same temperature as the fluid, hence T F in (A 4) represents both the temperature of the ball and the fluid. For a 1
• C increase in temperature ρ increases about 15 %, making balls sink faster. Thus, the differential thermal expansion has bigger effect than viscosity.
Excluding the outliers S1-B6 and S3-B1, the averaged density anomaly of each ball was calculated at 25
• C in experiments S1-S4 to be (0.88, 1.24, 0.62, 1.50) ×10 −3 g cm −3 for B1, B2, B5, B6, respectively. Based on our ability to record temperature with ±0.1
• C precision and also a natural scatter of the results, the relative error of the density anomalies is estimated to be approximately ±3 % or absolute error ±0.03 × 10 −3 g cm −3 The water absorption by Nylon can also contribute to ρ, but before the experiments the balls were stored in the salty water for several days and so that some equilibrium could be reached.
